LIMIT THEOREMS FOR MARKOV PROCESSES ON
TOPOLOGICAL GROUPS()

BY
S. R. FOGUEL

Summary. Limit theorems for P"(x, 4), as n — oo, are established, where
P(x, A) is the transition probability of a Markov process on a topological group.
The transition probability is assumed to satisfy certain commutativity relations
with translations. Thus special cases of our investigation are spatially homo-
genous processes and processes induced by automorphisms of the group.

1. Introduction. Let G be a locally compact abelian group, I" the dual group
and m the Haar measure on G. Let P(x,A) be the transition probability of a
Markov process on G. Thus

1.1. For every xeG the set function P(x," ), is a probability measure on the
collection of Borel sets, X.

1.2. For every A€ X the function P( - ,A) is ¥ measurable.

The transition probability induces an operator that acts on bounded measurable
functions and on measures by

) ®n ) = [ FPedy)

(L.4) P (4) = [ PCs, ),

where the duality relation holds:

(15) | @newao= [ swwpa.
If P is given by a transformation ¢ of G:

(1.6) P(x,4) = I($~(A)(x)

where I(B) denotes the characteristic function of B. Then

1.7 (Pf) (x) = f($(x)),

(1.8) (uP) (4) = (¢~ (4)).
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Let T, denote the translation operator:

(1.9 (TN X)) =f(x +y).

Throughout the paper we shall assume:

CoNDITION A. For every yeG there exists a z =z(y) and for every ze G
there exists a y = y(z) such that PT,= T,P.

Let us introduce here two examples:

ExaMmPLE 1. Let P be spatially homogeneus i.e. P(x,A4) = P(0,4 — x). Then

oW = [ P+ 0a2)f@) = [ Pedz-ni@)= [ Pdfay)

= (PT,f)x).
Thus z(y)=y and y(z) =z.
ExaMPLE 2. Let ¢(x) =y(x)+ a where ¢ is an automorphism of G and a
a fixed element. Then

(PT,/) () = fY(x)+y+a),
(T:PS) (x) = f(Y(x) + ¥(2) + a);

thus z = z(y) is the solution of Y(z)=y.

From Condition A and the invariance of m under translations follows that
mPT, = mP. Therefore mP satisfies the main condition for a Haar measure.
Now mP does not have to be regular or ¢ finite. However, we shall assume:

ConDITION B. mP = m.

Let us consider this condition for our two examples:

If P(x,A) = [ 4p(x,&)m(d&) in Example 1 then p(x,&) = p(0,¢ — x) and

(mP) (4) = f L pCx, Eym(dE)m(dx) = L f p(, E)m(dxym(de)

= [ (] 0.6~ 0mian) mae) = [ ( [ P05y m(ae)) =y,

If G=R" then ¥ is an invertible matrix and Condition B is satisfied iff the
determinant of ¥ is 1.

Using Condition B we can apply the results of [3]:

The operator P defines by (1.3). a contraction on L, = L,(G,XZ, m).

With the notation of [3]:

(1.10) K = {f:feL, and |Pf| =|P*f|=]|f], n=1,2-}.
(1.11) Ho= {f:feL, and weak lim P f=0},
(112) H,= Hs.

Let us quote Theorem 1.1 of [3]:
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THEOREM 1. The sets K, H, and H, are subspaces invariant under P and
P*. The restriction of P to K is unitary and H, < K. The subspace K is of the
form Ly(G,X{,m) where X, is a ¢ subfield of X. If 6 € X,, then PI(c) = I(z) where
1€X,, and P is an automorphism of Z,.

2. Convergence to zero. Throughout this section we shall assume:

ConDITION C. The group I' does not contain an open nontrivial subgroup.
Let us note that

@.1) T =T_,

THEOREM 2. Let M = L,(G,X',m) where X' is a o subfield of . If M is
invariant under T, for every y then either M =0 or M = L,(G,Z,m).

Proof. Note that fe M iff fe L, and fis £’ measurable. Let fe M NL, NL,
and be bounded (e.g. a characteristic function). Put f(x) =f(— x) then fx* f is
continuous, vanishes at infinity and belongs to M: see [5, p. 4 and Theorem
7.1.2]. (The function f* f is bounded and in L, hence in L,.) Now the Fourier
transform (f* /)~ =|f|> #0 hence fx7 is not identically zero. Let C be the
collection of all continuous functions on G that vanish at infinity and belong to M.
Thus C # 0 and C is an algebra under pointwise multiplication and is invariant
under translations. Let us show that C separates points to conclude by means of
the Stone-Weierstrass Theorem that the uniform closure of C contains every
continuous function that vanishes at infinity:

If, for some x # y, f(x) =f(y) for every fe C then f(z) =f(z + (y — x)) for
every fe C. Thus f(y) = (y — x,7)f(y) for every yeT. Therefore (y — x,y) =1
whenever f(y) # . The set {y: (y — x,7) = 1} is a nontrivial subgroup of T that
contains the open set {y: f(y) # 0} and this contradicts Condition C.

Let g be a continuous function with compact support and choose fe C such that
If—g|<e.PutA={x: If(x)lgs}, then I,feM and 4 csupport g, and IIAf—g|<28.
Hence

f | I(A)f — g|*dm < (2¢)*m(support g)

and ge M. Since continuous functions with compact support are dense in L, we
have M =1L,.

REMARK. Theorem 2 can be rephrased to:

X does not contain nontrivial o fields which are invariant under translations
and are generated by sets of finite measure.

LemMA 3. The space K is invariant under translations.

Proof. Let fe K. Then
|1 P"Lol = | 727 = | 21 = )]



326 S. R. FOGUEL [August
by Condition A. Since T_,P* = P*T_, the same argument applies to P*,
THEOREM 4. Either K =0 or K = L,.
Proof. This follows immediately from Theorems 1 and 2 and Lemma 3.

COROLLARY I. f for some set A, with 0<m(A,)<co and some int ger m the
Sfunction P™(x,A,) is not a characteristic function then, for every A€X with
m(A) < oo, the sequence P"(x,A) converges in measure to zero on every set of
finite measure.

Proof. K =0 since I(4,)¢ K. Thus H, =0 and Hy = L, by Theorem 1 and
P"(x,A) converges weakly, in L, sense, to zero. The conclusion follows since
P(x,A) > 0.

An application. Most of the ideas of this application were suggested to us
by the eferce. Let u be a probability measure which is absolutely continuous
with respect to m and put g = du/dm (the Radon-Nikodym derivative). Let y
be a continuous invertible automorphism of G that preserves m and put

P(x,4) = y(4 — Y(x)).
Condition A is clearly satisfied. Now if m; = mP then

m,(A) = j P(x, A)ym(dx) = fP(O,A—l//(x))m(dx) = j P(0, A— x)m(dx)
because Y preserves m, hence

my(A4)

I L-,q“)"’("f)m(dx) - f _Lq«: — ym(dEym(dx)

L (f - x)m(dx)) m(dg) = L (f q(x)m(dx)) m(dg) = m(A)

where we used the invariance of m under translations. Let us now check the
validity of the condition of the Corollary:

Let us assume, to the contrary, the existence of a sequence of compact sets
with nonvoid interiors, 4,, such that m(4,)— 0 and P(x,,4,) =1 for some x,.
Then u(A4, — Y(x,)) =1 while m(4, — Y(x,)) = m(4,)— 0 which contradicts the
absolute continuity of u with respect to m.

Therefore for every compact set 4 P%(x,4)—0 a..

Let us assume in addition that for every compact set B the closure of Ul/l"(B)
is compact.

Let U be a compact neighborhood of zero and put B = cl(U Y"(U)). Let A be
any compact set and x, € U be such that P"(x4,4 + B) — 0. Then

P"(O’A) é P"(OaA +B-— '/’"(xo)) = P"(xO,A + B) -0
where we used P'(x,A4) = P"(0,4 — y"(x)) which can be easily checked.
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Therefore for every compact set A and every point x, lim P'(x,4)=0.

The limit is uniform if x belongs to the compact U; this can be shown by a
similar argument.

An easy induction shows that

P"(x, 4) = j f 1@ 1)+ WAV IHA ~ Yoo )=V Te )= =)

i.e. P"(x,-) is the probability distribution of
Yt YWno ) + o Y"1 (00) +Y(x)

where y,---y, are independent identically distributed random variables each

with distribution p.
It should be noted that when yy =0 t e problem is one of n-fold convolutions
of u by itself and can be solved by standard Fourier transform techniques.

3. Affine transformaticns on G. Let us assume that P is given by (Pf)(x)
= f(¢(x)) where ¢ is a continuous invertible transformation of G. Now Con-

dition A will imply f(¢(x + y)) = f(¢(x) + z) for every function f. Let us assume
then that ¢(x + y) = ¢(x) + z, z = z(y) and thus ¢(y) = ¢(0) + z hence

@G0 O(x + ) = d(x) + ¢(y) — $(0).

Thus
(3.2) ¢(x) =V(x) + a, where ¥ is a continuous invertible automorphism of G

and a is a given element of G.
Finally Condition B is equivalent to

(3.3) m(y~(4)) = m(A).

Also throughout the rest of this paper we shall assume

ConbpiTioN D. The space G is connected.

Thus by the Structure Theorem (Theorem 2.4.1 of [5]) G is the direct sum
of the Euclidean space R* and a compact group G*. Every element of G will be
written in the form(?)

x=(r,g)~ reR*, geG*.
If a =(s,h)> then
(34) 9.0)> = ( nE e )
73(r) + Ta(8) + B

where 7; are continuous homomorphisms on their respective domains.
Now 7,(G*) is compact and contains nt,(g) for every g€ G*. Thus:

() (r,g) v is the column vector of r and g.
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(3'5) 1'2'= 0.

The homomorphism 7, is from R*to R* Hence 7, can be represented by a
k x k matrix.

LEMMA 5. Let © be a k X k matrix and s a given vector in R*. Then either
a. For every bounded set A = R* the set

U O @r+@E" s+ +9)

reA n=1

is bounded. Or
b. T4 (x"" s +---45) = 0 as n— oo for every r except in a linear manifold
S (i.e. S — S is a subspace of R* different from R¥).

Proof. Lett= X(4; + N)E; be the Jordan decomposition of 7 over C¥, where
E}=E, EE;=0, i#j, N;E;= E;N;, Nf =0 (see [1, Theorem VIL.1.8]). Let us
study the various possibilities:

1. Let one of the eigenvalues, say 4,, satisfy |4,| > 1. Then

E("r+1" s+ - +5)=1"E;r+1" 'E;s+ « + E;s=1"E;r+(t"—1)(1—1)"'E;s
=1(E,;r+(@—1)""E;s)—(t = 1)"'E,s,
where by (t — 1)"*E, we mean the inverse of (z — 1)%, on E,C*. Now on E,C*
the matrix t=A+ N. Let t=E,;r +(t —1)"'E;s. If t #0 then
n n n n—1 n n—jnrJ
A+N)t=124 t+(1) AT Nttt + (j ) ANt

where j < k and N'*'t =0 and N’ # 0. Now the last term tends to infinity a
| 4"|n? and it dominates the other terms. Thus

Sc{riE;sr=—(—1)""E;s}.

If S contains all of R* then E,r = const for every real vector but then E,r =0
for every real vector and thus for every complex vector which is impossible. Thus
S NR*is a linear manifold in R* different from R*and if re R*¥and re’S NR*
then limz"r + 7" s + -+« + 5 = 0.
2. Let one of the eigenvalues, say 4,, satisfy |1,| =1 and N, # 0. Then:
(t—DE,(x"r+1"" s+ +5s) = " E;r—1E;r +1"E;s — E;s
= T(tE;r — E;r + £;s) — E;s.

Put t =tE,r — E,r + E;s then

Tt=A"t+ (;‘)}.”‘th 4o 4 (?)An-fth
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where again j = k and N°*!t = 0 and Nt # 0. The last term tends to infinity as
n’ and it dominates the other terms. Thus

S c{r:Nt=0}={r: N(t— 1)E;r = — NE;s}.

Let us first consider the case where 4, # 1. If every real vector is in S then
N(t — 1)E,r = constant for every real vector and thus N(t — 1)E; =0 but on
E,C* the matrix 7 — 1 has an inverse and thus NE; =0 which contradicts our
assumption.

Let now 4, =1 if R* < S then N(t — 1)E, = N?E, =0 but then

E(t"r+1" s+ 45) = A+ NE;r+(1+ Ny 'E;s+ - + E;s
= E;r+nE;s+nNE;r+(n—1)+ - +1)NE;s
= E,r + nE;s+ nNE;r + in(n — 1)NE;s.
If NE;s # 0 then clearly S=0. If NE;s =0 then
S c{r:NE,r=—E,;s}

or NE,r = const for every real vector and as before this leads to NE, = 0 which
contradicts our assumptions.
3. Let A4, =1 and N; =0. Then

T"E;r+ 1" 'E;s+ -+ E;s=E,;r+nEs.
Thus if E;s#0, S=0.

4. Let all eigenvalues 4; satisfy |/'li| =<1 and for those eigenvalues on the cir-
cumference of the unit circle N; = 0. Furthermore if 4; = 1 for some j then E;s = 0.
Let 4| <1 then | Ez"r| < p"| r for p <1 and n large enough. Thus

|"Eir + <" Eis + - + Es| <o v + (0" 4 - + D s

and is uniformly bounded if r belongs to a bounded set.
Let |A|=1 and A;# 1. Then by assumption N;=0. Hence

n

TEgr + 1" 'Es+ - + Es=JEr + j — 1
=

E;s

and is uniformly bounded.
Finally let ;=1 and N;=0 and E;s=0. Then

TEr+1"" 'Es+ -+ Es=Epr.

THEOREM 6. Either

a. For every compact set A = G the closure of U,‘j°=l¢"(A) is compact or
b. ¢"(x)—> © a.e.

Proof. Let Case a of Lemma 5 hold for t; +s. Then if x=(r,2)",
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O+ + e+, 0
$"(x) =

"), g+t gt + g

by 3.5(1). Now if x € A then r is in a bounded set and thus (z, + 5)"r is in a compact
set. Now t{"r and (t, + h)"g both arein the compact set G*.

If Case b holds then (z, 4+ 5)"r —» o except for reS. Thus ¢"(x) — oo except
for reS. Let ro¢ S — S. Then if a # b one gets ar, + S # bry + S. Hence put
G, = (S,G*)~ then outside of G,, ¢"x — co and for a # b one gets ar, + G, # br,
+ G;.

Let A be any compact su set of G;.Choose 6 > 0 so that U{aro +A4:0<a<d}
is contained in a compact set. Now m(ary + A) = m(4) = 0 since

m | J{aro + 4:0<a <8} < 0.
Thus m(G,) =0 as m is a regular measure.
THEOREM 7. If Case b holds then Hy = L,.

Proof. Let A and B be compact sets. Then as n— oo, I(4)(x) I(B)(¢"x)—0
a.e. By the Lebesgue Dominated Convergence Theorem (P"I(B),I(4)>—0
where {f,g) is the inner product of f and g. Thus H,, contains every characteristic
function of a compact set and Hy, = L,.

{"hroughout the rest of the paper we shall assume that Case a of Theorem 6
holds.

THEOREM 8. For every x € G there exists a compact neighborhood of x which
is invariant under ¢.

Proof. Let A be a compact neighborhood of x. Then U,}"; 09"(A4) has a compact
closure and

oo, )=o) )

(where clB = closure of B). Since ¢ is measure preserving cl(U,‘,";ocl)"(A)) is
invariant.

Let yel' then y(¢(x)) = y(¥(x) + a) = y(a)y(¥(x)). Thus
YP"(x)) = YW (@) (@)) -+ YY" ' (a)).

Let us study the behaviour of yy" as n— co. Now by Theorem 2.2.2 of [5]
I' = R*@TI'* where I'* is the dual of G* and is a discrete group. Every element
of T has the form (r,y*) where reR* and y*eT'*. Where (r,y*) applied to
(r, 8~ is (r, (&Y.

Now
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where 7§ is not the nth power of 7.

LEMMA 9. For every yeX either
a. 2" — oo or,
b. the sequence " has compact closure.

Proof. Consider

7, O
W= (r,y*) =rt} + 9% + y*h.

%, 74

Since y*t;eI™ this sequence either tends to infinity or is a finite set. Also
rt? + y*t® e R* hence if y*1} — o0 so does yy". Let us study the case where
p*c" i a finite set. Let us assume that y*tf = y*15 *? = (y*13)12. In order o prove
the lemma it is enough to show that yy™*"? either tends to infinity or has compact
closure. If this is the case for one value of m, 0 < m < p, then it is so for every
value of m, 0 < m < p. Thus let T = 17 and replace y by yy™ and we have:

y=@ry%, WP =(rt+y*¥,%),

put s = y*t{’ we have to study the behaviour of py"™= (rt"+ st~ ! + --- + 5,9%).
Thus it suffices to study rt"+ st""* + .- +seR"

Now we have assumed that Case a of Theorem 6 (namely Case a of Lemma 5)
holds. From the various steps in the proof of Lemma 5 follows that the Jordan

decomposition of 7 is
Y (A+N)E+ X AE.
la:l<1 Al =1
Using the same argument as part 4 of Lemma 5 we see that the contribution of the
first sum will be a bounded sequence. Also, for the second sum, if 4; # 1 then

-1

_—Ai —1i rEg

MrE + A} 'SE; + -+ + sE; = JrE; +
is a bounded set. Finally if A, =1 then rEz"+ sEx"" '+ ... 4 sE; = rE, + nsE,.
If sE; # 0 then the sequence tends to infinity and if sE; = 0 it is bounded.

REMARK. Since yy" has compact closure only when y*t} assumes finitely many
values, and in this case yy" is contained in a finite sum of R* spaces, the two
notions of compactness and sequential compactness coincide.

Thus if yY" does not tend to infinity, then every subsequence contains a
subsequence of it, Y™, such that (x,yY"™) converges uniformly for x in compact
subsets of G.
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In particular:

COROLLARY. Let A be a compact subset of G. If yY" does not tend to infinity
then the sequence of functions

(e, y9"I(4) (x) = (x, 99")a, )@, p¥) -+ (a:p9" ™ HI(A) (x)
is precompact in L,.

Let us use the following notation

(3.6) T'o={y:yel and py — o},

(37 I'y=T—-To={y:yel and yy has compact closure},
(3.8) E={A: A4 is compact and ¢(A4) = A}.

THEOREM 10.
1. The space H, is generated by the collection of all functions of the form

f(x) =(x,7) I(A)(x) where yeI'y,A€ E.
2. The space H, is generated by the collection of all functions of the form
f(x) =(x,7) I(A)(x) where yeI';, A€ E.

3. If fe H, then the sequence P"f has compact closure in L, (or f belongs to
the subspace generated by eigenfunctions of P).

Proof. Let yeI'y, and A€ E and f(x) =(x,y) I(4)(x). Then

(PN (x) = (a;7)@,p) -+ (@,p¥" ™) (x, ") [(A)x
since ¢ ~'(4) = A. Thus for every geL,NL,

(P, 8> = (@p)apy) - (a,py" ") f (e, 19") (I(4) (x)g(x))m(dx) —> O

by Theorem 1.2.4 of [5]. Thus fe H,.

LetyeI'; and AeZEand f(x) = (x,7)I(A)(x). Then, by the Corollary of Lemma
9, P"fhas a compact closurein L,. From 1.3 of [2] follows that fe H;. Finally if g
is orthogonal to all functions of the form (x,y) I(4)(x) with A€ E then

f () (x, — 7) I(A) ()m(dx) = 0;

hence by Plancherel Theorem g(x) =0 on A a.e. Now if C is a compact set in G
then C = | JiL14, with 4,6 Eby Theorem 8. Thus g(x) =0on C, or g=0a.e.
REMARK. Theorem 10 and Theorem 1.3 of [2] imply that fe H, if and only if
lim sup|<P"f.f >| = || F|*-
We conjecture that thisis correct for every P that is given by a measure preserv-
ing transformation.
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LemMMmA 11. If fe H; and o is a Borel set in the plane then I(f(x)ea)e H,.

Proof. This follows from Theorem 2.1 of [4].

Let X, be the collection of Borel sets that are compact and their characteristic
functions belong to H,.

If Ae = and a is a closed set on the circumference of the unit circle then

{x:(x,p)ea} NA = {x:(x,9)I[(4A)(x)ea}

and the characteristic function of this set belongs to H, if yeI';. Since these
functions generate H, it follows that:

THEOREM 12. The space H, is generated by the collection of all characteristic
functions of sets in Z,.

THEOREM 13. If the set I'; contains more than one element (the constant
function) then it is infinite.

Proof. Let y =(r,y*)eI’; be nontrivial (we use here the notation employed
in Lemma 9). Then for every se R“(r + 5,7*)€ ", as can be seen from the proof
of Lemma 9. Thus I'; is infinite unless k =0 and G is compact. For compact
groups the proof of Theorem 10 will yield:

The space H, is generated by the functions f(x) =(x,y), yeI';. Nowif I, is
finite then H | is finite dimensional and X, contains finitely many disjoint compact
sets A, -+ A4,. Hence m(G —|( J;~14;) =0 but G —| Ji-,4; is an open set thus
G = Ji-14; is not connected.

BIBLIOGRAPHY

N. Dunford and J. T. Schwartz, Linear operators, Interscience, New York, 1958.
S. R. Foguel, Powers of a contraction in a Hilbert space, Pacific J. Math. 13 (1963), 551-562.
, An L, theory for a Markov process with a sub-invariant measure, Proc. Amer.
Math. Soc. 16 (1965), 398-406.

4, , Invariant subspaces of a measure preserving transformation, Israel J. Math. 2
(1964), 198-200.

5. W. Rudin, Fourier analysis on groups, Interscience, New York, 1960.

1.
2.
3.

HEBREW UNIVERSITY OF JERUSALEM
JERUSALEM, ISRAEL



