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Summary. Limit theorems for P"(x, A), as n -> oo, are established, where

P(x, A) is the transition probability of a Markov process on a topological group.

The transition probability is assumed to satisfy certain commutativity relations

with translations. Thus special cases of our investigation are spatially homo-

genous processes and processes induced by automorphisms of the group.

1. Introduction. Let G be a locally compact abelian group, T the dual group

and m the Haar measure on G. Let P(x,A) be the transition probability of a

Markov process on G. Thus

1.1. For every xeG the set function P(x, ■ ), is a probability measure on the

collection of Borel sets, X.

1.2. For every Ael, the function P( • ,A) is L measurable.

The transition probability induces an operator that acts on bounded measurable

functions and on measures by

(1.3) (Pf)(x) = j f(y)P(x,dy),

(1.4) (pP)(A) = j P(x,A)p(dx),

where the duality relation holds:

(1.5) j (Pf)(x)p(dx)=   j f(x)(pP)(dx).

If P is given by a transformation cp of G :

(1.6) P(x,A) = /(«/»- l(A)) (x)

where 1(B) denotes the characteristic function of B. Then

(1-7) (Pf)(x)=f(cP(x)),

(1.8) (pP) (A) = p(cP-\A)).
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Let Ty denote the translation operator:

(L9) iT,f)ix)=fix+y).

Throughout the paper we shall assume:

Condition A.   For every yeG there exists a z = z(y) and for every zeG

there exists a y = y(z) such that PTy = TZP.

Let us introduce here two examples:

Example 1.    Let P be spatially homogeneus i.e. P(x,A) = P(0,A — x). Then

(TyPf)(x) = j P(x + y,dz)f(z)= j P(x,dz-y)f(z)=   J Pix,dz)f(z+y)

= iPTJ)ix).

Thus ziy) = y and y(z) = z-

Example 2. Let ep(x) = \p{x) + a where ip is an automorphism of G and a

a fixed element. Then

iPTJ) (x)   = Mix) + y + a),

(TzPf)(x) = f(iP(x)+KP(z) + a);

thus z = ziy) is the solution of xpiz) — y.

From Condition A and the invariance of m under translations follows that

mPTy = mP. Therefore mP satisfies the main condition for a Haar measure.

Now mP does not have to be regular or er finite. However, we shall assume:

Condition B. mP = m.

Let us consider this condition for our two examples:

If P(x, A) = ¡Ap{x, ¡,)m(dc;) in Example 1 then p(x, <!;) = p(0, £, — x) and

(mP)(A) =\ \a P(x,0m(d®m(dx) =   j  j p(x,Om(dx)m(dct)

= J ( J P(0,i - x)midx)j midef) =£ ( jPiO,x)midx)midí)j =m(¿).

If G = R" then \p is an inverti ble matrix and Condition B is satisfied iff the

determinant of \p is 1.

Using Condition B we can apply the results of [3]:

The operator P defines by (1.3). a contraction on L2 = L2(GfL,m).

With the notation of [3]:

(1.10) /<   = {/:/eL2and |P/|| = i|P*"/| = ||/||,   n = l,2,-}.

(1.11) H0=  {f:feL2 and weak lim P/=0},

(1.12) Hy = Hi.

Let us quote Theorem 1.1 of [3]:
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Theorem 1. The sets K, H0 and Hy are subspaces invariant under P and

P*. The restriction of P to K is unitary and H y c K. The subspace K is of the

form L2(G,Sj,m) where l,y is a a subfield ofL. IfaeHy, then PI(a) = I(t) where

tel,y, and P is an automorphism of ~Ly.

2. Convergence to zero.   Throughout this section we shall assume:

Condition C. The group T does not contain an open nontrivial subgroup.

Let us note that

(2.1) T* =T_r

Theorem 2. Let M = L2(G,!',m) where £' is a a subfield of S. // M is

invariant under Ty for every y then either M = 0 or M = L2(G,l.,m).

Proof. Note that fe M iff fe L2 and / is £' measurable. Let fe M n Lx O L2

and be bounded (e.g. a characteristic function). Put f(x)=f(— x) then/*/is

continuous, vanishes at infinity and belongs to M: see [5, p. 4 and Theorem

7.1.2]. (The function/*/is bounded and in Lt hence in L2.) Now the Fourier

transform (/*/)~ =|/|2#0 hence /*/is not identically zero. Let C be the

collection of all continuous functions on G that vanish at infinity and belong to M.

Thus C # 0 and C is an algebra under pointwise multiplication and is invariant

under translations. Let us show that C separates points to conclude by means of

the Stone-Weierstrass Theorem that the uniform closure of C contains every

continuous  function  that  vanishes  at infinity:

If, for some x # y, f(x) =f(y) for every fe C then f(z) =f(z + (y — x)) for

every fe C. Thus f(y) = (y — x,y)f(y) for every yeT. Therefore (y — x,y) = 1

whenever f(y) # . The set {y: (y — x,y) = 1} is a nontrivial subgroup of T that

contains the open set {y: f(y)¥=0} and this contradicts Condition C.

Let g be a continuous function with compact support and choose fe C such that

|/— g | < 8. Put A = {x : |/(x) | i_ e}, then IAfeM and A <= support g, and | IAf— g\ < 2e.

Hence

i |I(A)f- g\2dm < (2e)2m(support g)

and geM. Since continuous functions with compact support are dense in L2 we

have M = L2.

Remark.   Theorem 2 can be rephrased to:

E does not contain non trivial a fields which are invariant under translations

and are generated by sets of finite measure.

Lemma 3.    The space K is invariant under translations.

Proof.   Let fe K. Then

¡p"T,/|| = lT2py|| = ||p-/|| = ||/||



326 S. R. FOGUEL [August

by Condition A. Since T_yP* = P*T^Z the same argument applies to P*.

Theorem 4.   Either K = 0 or K = L2.

Proof.   This follows immediately from Theorems 1 and 2 and Lemma 3.

Corollary I. f for some set A0 with 0<m(A0)<oo and some int ger m the

function Pm(x,A0) is not a characteristic function then, for every AeZ with

m(A) < oo, the sequence P"(x,A) converges in measure to zero on every set of

finite measure.

Proof. K = 0 since I(A0) $ K. Thus Hy = 0 and H0 = L2 by Theorem 1 and

P"(x,A) converges weakly, in L2 sense, to zero. The conclusion follows since

P"(x,A)>0.

An application. Most of the ideas of this application were suggested to us

by the eferee. Let p be a probability measure which is absolutely continuous

with respect to m and put q = dp/dm (the Radon-Nikodym derivative). Let \p

be a continuous invertible automorphism of G that preserves m and put

P(x,A) = p(A-iP(x)).

Condition A is clearly satisfied. Now if my = mP then

my(A)= f P(x,A)m(dx)=   | P(0,A-ip(x))m(dx) =   j P(0, A - x)m(dx)

because \p preserves m, hence

my(A) =    f q(t;)m(dc;)m(dx) =    f f q(£, - x)m(dÇ)m(dx)

= I   (/ ^ " X)m{dx)) m(di) = \A (I &}*&*)) mW) = HA)

where we used the invariance of m under translations. Let us now check the

validity of the condition of the Corollary:

Let us assume, to the contrary, the existence of a sequence of compact sets

with nonvoid interiors, A„, such that m(A„) -* 0 and P(xn,An) = 1 for some x„.

Then p(An — ip(x„)) = 1 while m(A„ — ip(x„)) = m(A„) -> 0 which contradicts the

absolute continuity of p with respect to m.

Therefore for every compact set A P"(x,A)->0 a.e.

Let us assume in addition that for every compact set B the closure of yjip"(B)

is compact.

Let U be a compact neighborhood of zero and put B = cl({Jip"(U)). Let A be

any compact set and x0elf be such that P"(x0,A + B) -> 0. Then

P"(0,A) = P"(0,A + B- ipn(x0)) = Pn(x0,A + B)-*0

where we used P"(x,A) = P"(0,A — ip"(x)) which can be easily checked.
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Therefore for every compact set A and every point x, lim P"(x,¿) = 0.

The limit is uniform if x belongs to the compact 17; this can be shown by a

similar argument.

An easy induction shows that

p\x,a) = j - jp(dy„_y)-p(dyy)p(A - Kyn-i)-Viyn-i)-»A*))

i.e. P\x,- ) is the probability distribution of

yn + \Ky,-i) + - + r~\yx) + -TOO

where yy--y„ are independent identically distributed random variables each

with distribution p.

It should be noted that when xp = 0 t e problem is one of n-fold convolutions

of p by itself and can be solved by standard Fourier transform techniques.

3. Affine transformations on G. Let us assume that P is given by (P/)(x)

= f(ep(x)) where ep is a continuous invertible transformation of G. Now Con-

dition A will imply f(ep(x + y)) =f(ep(x) + z) for every function /. Let us assume

then that ep(x + y) = ep(x) + z, z = z(y) and thus ep(y) = ep(0) + z hence

(3.1) <P(x + y) = eP(x) + eP(y)-eP(0).

Thus

(3.2) ep(x) = ip(x) + a, where ip is a continuous invertible automorphism of G

and a is a given element of G.

Finally Condition B is equivalent to

(3.3) m(ip-1(A)) = m(A).

Also throughout the rest of this paper we shall assume

Condition D. The space G is connected.

Thus by the Structure Theorem (Theorem 2.4.1 of [5]) G is the direct sum

of the Euclidean space Rk and a compact group G*. Every element of G will be

written in the form(2)

x = (r,gy reRk, geG*.

If a = (s, h) v then

/*!»>)+   2ig) + s  \
(3.4) eP(r,gy    =

V t3(r) + t4(» + h )

where t¡ are continuous homomorphisms on their respective domains.

Now t2(G*) is compact and contains m2(g) for every geG*. Thus:

(2) 0% g) v is the column vector of r and g.
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(3.5) t2'=0.

The homomorphism Xy is from Rk to Rk. Hence xt can be represented by a

k x k matrix.

Lemma 5.   Let x be a kxk matrix and s a given vector in Rk. Then either

a. For every  bounded set A cz Rk the set

U   Ü   (*nr + (t"-1s + -+s))
rçA    n = 1

is bounded. Or

b. x"r + (x"~1s -\-hs)-> oo as n-> co for every r except in a linear manifold

S (i.e. S — S is a subspace of Rk different from Rk).

Proof. Let % = 2Z(X¡ + N¡)E¡ be the Jordan decomposition of x over C\ where

Ef = Ei, EiEj = O, i ¿j, Nfii = EyNi, Nk = 0 (see [1, Theorem VII. 1.8]). Let us

study the various possibilities:

1. Let one of the eigenvalues, say X¡, satisfy \Xy | > 1. Then

Ey(tnr + xn-1s+ •■• +s)= xttEyr + x"-iEyS + - + EyS = x"Eyr + (x''-l)(x-l)-1EyS

= t\Eyr + (x- l)~lEys) -(x- T)~lEyS,

where by (t — l)-1£i we mean the inverse of (x — l)St on EyCk. Now on EyCk

the matrix x = X + N. Let t = Eyr + (x - t)~1E1s. If r # 0 then

(X + N)"t = Xnt+(ni\ X"-1Nt + -+ (n)x"-JNJt

where j <| k and NJ + 1t = 0 and NJtj^O. Now the last term tends to infinity a

\X"\nJ and it dominates the other terms. Thus

Sc{r:Etr= - (x - Ff^Ejs}.

If S contains all of Rk then Etr = const for every real vector but then Eyr = 0

for every real vector and thus for every complex vector which is impossible. Thus

S n Rk is a linear manifold in R k different from R k and if r e Rk and re'S rtRk

then lim-r"/- + x"~1s -\-1- s = oo.

2. Let one of the eigenvalues, say Xy, satisfy j Aj | = 1 and A^ # 0. Then:

(x - l)Ey(x"r + t"_1s + ••■ -I- s)   = x" + iEyr - x"Eyr + x"EyS - Ets

=    x"(xEyr — Eyr +   ByS) — EyS.

Put t = xEtr — Eyr + EyS then

xnt = X"t+ ("\xn-1Nt + -+ (n\xn~JNJt
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where again j — k and TVJ+1f = 0 and NJt # 0. The last term tends to infinity as

nJ and it dominates the other terms. Thus

S ezz {r: Nt = 0} = {r: TV(t - l)Eyr = - TVE.s}.

Let us first consider the case where ky&l. If every real vector is in S  then

TV(t — l)E.r = constant for every real vector and thus TV(t — l)Ei = 0 but on

EyCk the matrix t — 1 has an inverse and thus NE y = 0 which contradicts our

assumption.

Let now Xy = 1 if Rk c S then TV(t - l)Ey = N2Ey = 0 but then

Eyix"r + t"-1s + ••• + s) = (1 + NfEyr + (1 + N)n'lEyS + ••• + EyS

= Eyr + nEyS + nNEyr + ((« - 1) + ••• + l)TV£iS

= Eir + nEyS + nNEyr + \n{n - l)NEyS.

If NEyS =£ 0 then clearly S = 0. If NEyS = 0 then

Sezz{r:NEyr= - £,s}

or NEyr = const for every real vector and as before this leads to TV£i = 0 which

contradicts our assumptions.

3. Let Xy = 1 and TVt = 0. Then

X"Eyr + x"~1EyS + ■■- + EyS = Eyr + nEyS.

Thus if EyS / 0, S = 0.

4. Let all eigenvalues X¡ satisfy | X¡\ ;S 1 and for those eigenvalues on the cir-

cumference of the unit circle TV¡ = 0. Furthermore if X¡ = 1 for some j then £,s = 0.

Let | Xy | < 1 then || £,tV | < p"| r for p < 1 and n large enough. Thus

|| T"J5,r + t"-1^ -I- ... -I- £fs I < p"\\ r \\ + (pB_1+ - + l)|s ||

and is uniformly bounded if r belongs to a bounded set.

Let |A,| = 1 and A¡#1. Then by assumption TV( = 0. Hence

X" — 1
z"E¡r + Tn_1£;s + — +Ets = X^E¡r +- £¡s

á¡ — 1

and is uniformly bounded.

Finally let Xt = 1 and TV¡ = 0 and £,s = 0. Then

TnE¡r + x"~ iEis + ••• + £¡s = Etr.

Theorem 6. Either

a. For every compact set A ezz G the closure of (J™= i</>"(¿) IS compact or

b. ep\x) -* oo a.e.

Proof.   Let Case a of Lemma 5 hold for T« + s. Then if x = ir,gY ,
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M*) =
Air) + i\~ 0) + -- + s,   0

ï», <g + *rlg+-+gJ

by 3.5(1). Now if x e A then r is in a bounded set and thus (tx + s)"r is in a compact

set. Now T(3B)r and (t4 + h)"g both are in the compact set G*.

If Case b holds then (t, + s)"r-> oo except for reS. Thus </>"(x)-> oo except

for r e S. Let r0$S — S. Then if a^b one gets ar0 + S # fcr0 + S. Hence put

Gi =(S,G*)V then outside of G,, </>"x-> oo and for a ^ b one gets ar0 + G y # br0

+ Gi.

Let ¿ be any compact su set of Gy.Choose ô > 0 so that (J{ar0 4-¿:0 < a < <5}

is contained in a compact set. Now miar0 + A) = m(¿) = 0 since

m (J {ar0 4-¿:0<a<<5}< oo.

Thus m(Gi) = 0 as m is a regular measure.

Theorem 7.   // Case b holds then H0 = L2.

Proof. Let A and £ be compact sets. Then as n-» oo, /(¿)(x) /(£)(</>"x)-»0

a.e. By the Lebesgue Dominated Convergence Theorem <P7(£),/(¿)>-»0

where </,g> is the inner product off and g. Thus H0 contains every characteristic

function of a compact set and H0 = L2.

throughout the rest of the paper we shall assume that Case a of Theorem 6

holds.

Theorem 8. For every xeG there exists a compact neighborhood of x which

is invariant under ep.

Proof. Let A be a compact neighborhood of x. Then \^J*=o<pniA) has a compact

closure and

4ÍQ0 HHCQ. *V))
(where cl£ = closure of £). Since ep is measure preserving cli\\™=0epniA)) is

invariant.

Let y e T then y((/>(x)) = v(«Aix) + a) = y(a)y(i^(x)). Thus

yiep\x)) = ymx))yia)yiHa)) ■ ■ • y^"- ' (a)).

Let us study the behaviour of yip" as n-> oo. Now by Theorem 2.2.2 of [5]

r = Rk © r* where Y* is the dual of G* and is a discrete group. Every element

of T has the form ir,y*) where reRk and y*eT*. Where (r,y*) applied to

(ri,g)~ is iry,r)ig,y*).

Now
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■u

lÚn\xl j

where x3n) is not the nth power of t3.

Lemma 9.   For every yeT either

a. yip" -> oo or,

b. the sequence yip" has compact closure.

Proof.   Consider

yiP" = (r,y*)
T(">

= rx\ + y*T(3B) + y*x\.

Since y*x1eT* this sequence either tends to infinity or is a finite set. Also

rx" + y*x3n) e Rk hence if y*-^ -» oo so does yip". Let us study the case where

y*z1 i a finite set. Let us assume that y*x2 = y*x™*p = (y*x")xl. In order o prove

the lemma it is enough to show that yipm+npeither tends to infinity or has compact

closure. If this is the case for one value of m, 0 = m < p, then it is so for every

value of m, 0 _ m < p. Thus let x = xp and replace y by yipm and we have:

y = (r, y*),      yV = (rx + y*x3p\ y*),

put s = y*x3p) we have to study the behaviour ofy\ppm= (rx"+ sx"'1 + ••• + s,y*).

Thus it suffices to study rx"+ sx"'1 4-+seRk.

Now we have assumed that Case a of Theorem 6 (namely Case a of Lemma 5)

holds. From the various steps in the proof of Lemma 5 follows that the Jordan

decomposition of x is

E (Xi + Ny)Ei +     L
|A,|<1 |A¡| = 1

XyEy.

Using the same argument as part 4 of Lemma 5 we see that the contribution of the

first sum will be a bounded sequence. Also, for the second sum, if X¡ # 1 then

X"rE¡ + Xr1sEi+ ■■■ +sE¡ = X'rEi +
XÏ- 1
X, - 1

rEi

is a bounded set. Finally if X¡ = 1 then rE-z"-)- sElx"~1+ —h sE¡ = rE¡ + nsE¡.

If sE¡ # O then the sequence tends to infinity and if sE¡ = 0 it is bounded.

Remark. Since yip" has compact closure only when y*x"A assumes finitely many

values, and in this case yip" is contained in a finite sum of Rk spaces, the two

notions of compactness and sequential compactness coincide.

Thus if yip" does not tend to infinity, then every subsequence contains a

subsequence of it, yip"', such that (x,y\pn') converges uniformly for x in compact

subsets of G.
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In particular:

Corollary. Let Abe a compact subset of G. If yip" does not tend to infinity

then the sequence of functions

(x,ycpy(A) (x) = (x,yr)(a,y)(a,y,p) ■••(a,y^-1)/(A)(x)

is precompact in L2.

Let us use the following notation

(3.6) r0 = {y : y e T and yip -» go},

(3.7) Ty = r — r0 = {y: y eT and yip   has compact closure},

(3.8) E = {A: A is compact and cp(A) = A}.

Theorem 10.

1. The space H0 is generated by the collection of all functions of the form

f(x) = (x,y) I(A)(x) where y e T0,Ae S.

2. The space H y is generated by the collection of all functions of the form

f(x) = (x,y) I(A)(x) where yeTt,AeZ.

3. Iffe H y then the sequence P"f has compact closure in L2 (or f belongs to

the subspace generated by eigenfunctions of P).

Proof.   Let y e T0 and A e E and f(x) = (x,y) I(A)(x). Then

(P"/)(x) = (a,y)(a,yiP)-(a,yr~* ) (x,yp) I(A)x

since cp~1(A) = A.  Thus  for every geL2C\Ly

<Pj,g> = (a,y)(a,yiP)-(a,yr~1)^ (x,yV) (I(A)(x)g(x))m(dx)^0

by Theorem 1.2.4 of [5]. Thus feH0.

Let yeTy and A eEand f(x) = (x,y)I(A)(x). Then, by the Corollary of Lemma

9, P"f has a compact closure in L2. From 1.3 of [2] follows that/e//,. Finally if g

is orthogonal to all functions of the form (x,y)/(A)(x) with A e S then

(g(x)(x,-y)I(A)(x)m(dx) = 0;

hence by Plancherel Theorem g(x) = 0 on A a.e. Now if C is a compact set in G

then C <= IJ/L y A-, with A¡ e S by Theorem 8. Thus g(x) = 0 on C, or g = 0 a.e.

Remark. Theorem 10 and Theorem 1.3 o/[2] imply thatfe Hy if and only if

limsup|<PB/,/>|=|/||2.

We conjecture that this is correct for every P that is given by a measure preserv-

ing transformation.



1966] LIMIT THEOREMS FOR MARKOV PROCESSES 333

Lemma 11.   IffeHy and a is a Borel set in the plane then Iifix)ea)eHy.

Proof.   This follows from Theorem 2.1 of [4].

Let E2 be the collection of Borel sets that are compact and their characteristic

functions belong to Hy.

If A e H and a is a closed set on the circumference of the unit circle then

{x : (x, y) e a} O ¿ = {x : (x, y)/(¿) (x) e a}

and the characteristic function of this set belongs to H y if yeT^ Since these

functions generate H y it follows that:

Theorem 12. The space H y is generated by the collection of all characteristic

functions of sets in E2.

Theorem 13. // the set Yy contains more than one element ithe constant

function) then it is infinite.

Proof. Let y = (r,y*)er, be nontrivial (we use here the notation employed

in Lemma 9). Then for every seRkir + s,y*) e Y y as can be seen from the proof

of Lemma 9. Thus Y y is infinite unless k = 0 and G is compact. For compact

groups the proof of Theorem 10 will yield:

The space H¡ is generated by the functions fix) = (x,y), yeT^ Now if Yy is

finite then H y is finite dimensional and E2 contains finitely many disjoint compact

sets ¿,..¿r. Hence m(G — [J;r=1¿¡) = 0 but G— (Jr=i¿. is an open set thus

G = U'=i¿¡ is not connected.
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